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THE TURBULENT HEAT FLUX IN I.OW MACH NUMBER FI.OWS

WITH I. ARGtl 1)RNSIT% VARIATIONS

I>eter J. O’Rourke and Lance R. Collins
Theoretical Division, Group T-3

I.os Alamos National I.abora:ory
I.os Alamos, New Mexico 87545

1. INTRODUCTION: THE DIRECTED ENERGY FLUX

This aper is concerned with a physical effect of fundamental importance
$for the mo cling of turbulence transport in flow3 with large density variations.

The effect occuri because the interaction of pressure and density gradients gives
rise h a turbulent heat flux, which we call a directed flux, that is not accounted
for in turbulence models for constant density flows. To see how this flux arises, it
is perhaps best to consider an example of Rayleigh-Taylor instability, as depicted
in Fig, 1. A heavy, cold gas overlays a light, hot gas in a box with a gravitational
acceleration in the negative z-direction. The induced hydrostatic pressure gradi-
ent accelerates the light gas inh the heavy gas and causes the Instability and
m,ixing. The velocities averaged across a horizontal plane are in the z-direction,
and because the heavy gases are falling, the mass-averaged velocities in the
mixiug region will be negative. RelR*ive to a surface moving downward with the
mass-averaged velocity, there will be a net upward flux of energy. This is
because althou h the mass flux of light gas crossing the surface upward equals

fthe mass flux o heavy gas crossing downward, the light gas, being hotter, carries
with it more ener

Y
per unit mass.

This upwar energy flux is the directed flux. In the example of Fig. 1, this
energy flux 1s in the direction of the negative of the tan erature gradient, just as

fgiven by the Iaminar Fourier heat conduction law. If a ter some time we were to
turn the box over w that the light gas overlay the heav gas, to the extent that

rthe two gases had not already mixed on the molecular evel, there would be an
umnixing in which the ligh) gas would separate from the heav> gas, In this

i
1

Ikm’y! (’old gas
f
1’

I 1



unmixing process, the directed heat flux would be upward, in the direction (Jf the
mean temperature gradient and opposite the direction given by the Fourier heat
conduction law. This phenomenon has thus been called countergradient diffu
sicn. I It cannot be predicted by turbulence models that use gradient transport, or
a Fourier-like law, to describe turbuient heat transport. In our example, the tur
bulent hea; flux @ is in the direction opposed to the pressure gradient, rather
than the temperature ~adient. We shall see that taking +~1- – vp is often more

hrealistic for turbulent OWS.
Between single- phas~, two-density turbulent flows and two-phase flows

there is an analo
r

that we will exoloit in our turbulence modeling. This analogy
“will be used in elping to forrnu]ate the equations and in developing closure
approximations for some of the terms. In two-phase flow modeling, which has
received much attention within the last ten years~,s separate rn:~ss, momentum,
and ener

F
equations are ke t for each phase, and these eq~ations are coupled

Ethrough unctions that give t e exchange rates of mass, momentum, and energy
between the phases. Following Besnard, Harlow, and Rauenzahn,J we will use
an alternative, analogous formulation. In place of two mass equations, we will
keep an equation for the mean density and one for density fluctuations. In place
of two momentum equations, we will keep a mean momentum equation and an
equation for mean velocity differ~nces associated with fluid elements of differing
density. We use this second formulation because it allows for the possibility of
modeling not just two-density flows, but the flows with a spectrum of densities
that often occur in practical applications.

Two physical examples, one of two-phase flow and one of single-phase flow
with density variations, serwe to illustrate the analogy and another situation in
which counterWadient transport can arise. In both exam les, pressure gradients
are responsible for centrifuging iIi h+ter material inwar ~ward the centers of
rotating flows. !%In a two-phase ub ly flow, this effect has been observed in the
vortices in the wake of an obstacles In single-phase flow, it is probaul responsi
ble for the experimental results of Wahici~zzaman and Fer~son.6 4 he experi
reenters measured the radial temperature profiles in an ax]syrnmetric swirling
flow in a constant volume cylinder, The experimentally measured temperatures
[Ire plotted at foul” different times as the circles in Fig. 2. The lines are C(JM uted

!tern erature prol’i’es using the KIVA code7 with a k-c turbulence mode! nnd
Jgra ient heat transport with a turbulent Prandtl number of iJ.9. It c~n Ix seen

that n hot region in the center of the cylinder persi: s much longer in the expcri
i~)~nt than in th~: calculation, showing the Iar K”e~:rrnrs that can arise when ii
gradivnt heat tral~sport a proximation is used.

F‘rhe phenomenon o counter gradient transport in single- base flows was
Irecognized seven ye[~rs ago in research on the structure (!f tur ulent premixed

flames, I In retros ect, it is easy to see how this phenomenon arises, Figure U
rdvpirts schernatica ly a

F
lanar turbulent premixed flame with v~l[)cities sh[)w,~ in

the frume of refervnce o the flame, Mass conservation and the fact that the (’orn
h(]stlon is nearly isoharir together im Iy that the hot pr:)duct gns vcltwities will
t:e larger than tho:w in the react. auts. L olnenturn cunservatl~)n thetl implies ~h:~t
the pressure in th(~ productY will be l.~)wer than in the renct[ints. Since the ({lr
urted bent flux is in th: direction opposed to the pressure ~rndient, this hv’]t IIUX
will he from the coider to the hotter gases; thnt is, It will t-w co(]l~tergr:i(ill.’r~l
trilnsport,

‘1’wo:]pprouchvs h~ive been used for :n(delin
Y

turhu!cnt pr(’rllixud flii:~](’t; ii
singlt’ ph~isc formulation” :ind a two-phase formu atlon, In tnd single phiisr i“~)r
ll]ul;~tion of Ilruy, Moss i~n,i l,ibhyl,~-11 (DM1, formuli~tlon),” cq~i::tll)ns :~rl’ kl’~jt
f’or Lhv mr:In Product glis concentrntionl” the mean m!)mentum, the t(lrh~llt’l]t
llIIx(*s I~fLhcsc ~u;lillit.lt’s, :~nd ~(}rth~’dissipation riit~of’t[l~l)(ll(’[it kln(:tl( lil~~’r)gv
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Fig, 2. Experimenti~lly mensured (Ref. 6) nnd computed (KIVA cl)de) r:~fii:il
temper:lture profiles i~t four different times
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Fig, 3. Sch/~matic depiction of a turbulent premixed flame.

Spalding12 utilizes a two-phase formulation, retaining mass, momentum, and
energy equations for each phase. Spalding12 assumes that the major source of
mixing is due to the difference between the mean velocity of the phases and thus
ignores the turbulent kinetic ener

Y
within each phase. The BML formulation

accounts for both sources to the tur ulent kinetic energy. In principle, the equa-
tions of one formulation should be derivable in terms of those of the other, al
though to our knowledge such a derivation and comparison have not been made.
In this paper some closure approximations are proposed, based on a derivation of
the single-phase e uations from two-phase equations. Only the BML formulation
has been compare : with experimental measurement of turbulent flames, 1I and
satisfactory agreement was obtained,

In practical ~,pplications of turbulent combustion, other physical effects that
cause mixing and umnixin

t
are superimposed cm the pressure drop across the

flame. At Los Alamos, we ave been involved, for the past twelve years in the
numerical modeling of combustion in internal combusti ‘n engines .7~1~-16
Figure 4 illustrates some of the complexities of the turbuiencdchemistr inter-

{action in an engine burning premixed charges. A turbulent [~”emixed f ame is
pro a sting away from an lgnitor located near the center of L Ie cylinder head

!%wal . ach numbers are small, and thus the mean pressure is nearly uniform in
space17 and changin with time due to piston motion, combustion, and wall heat

!loss. Near the to o its motion, the piston, and the axial flow velocities in the
tcombustion chain er, decelerate, This causes a small positive axial pressure

gradient and ind~ces Rayleigh-Taylor instability and mixing where the flame is
propagating downward in the axial direction.

f?
This same pressure gradient will

cause a di erential axial acceleration of the hot products and cool reactants and

!
remote Kelvin- Fielmholtz instability where the flame is propagating radially.

,’wirl, a nearly symmetric rotational motion of the burning gases, is introduced
by en~lne designers to promote mixing but will have two competing effects in the
engine of Fig. 4. Swirl indticwl shears will enhance turbulence and mixing, but
the radial pressure gradient c~used by the swlri will, as in the experimcn~s t);
Wahiduzzaman and F’erguson,6 cause countergr~dient transport and suppress
mixin ,

\
[t is important to point out that among these vt~rious turbulence effe(ts,

llnly t use associated with shetir instability and mixing are uuwunted for in
current engine timdel~.

In predicting ttlrhulence in internal combustion en~ines nnd other pr:~rti(’:il
combustnrs one cannot use two-phase models or single

1
base equ~itit]ns for tw~)

density fl[).ws. This is because within the renctiints NII products there will I)(I
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Fig. 4. The turbulence/chemistry interaction in an internal combustion engine.

distributions of density. In the engine of Fi .
8

4 density diil’erences will arise due
t.a wall heat tram--fer and due to entro y di erences in the product gases of this

!confined burn. 18 In other combustors ensity distributions are caused by charge
non-uniformity and spray vaporization.

In the next section we derive preliminary equations for a turbulent fluid
with large density variations. Our aim is to develop a model that has three
attributes:
(1) the model can predict mixing and unrnixing due to shear instabilities and

pressure-density gradient interactions;
(2) the model can account for a distribution of densities; and
(3) the model equations can be efficiently integrated in two and three

dimensions.
The second attribute precludes use :. two-phase flow equations, althou h investi

%gation of the two-density limit will yield valuable information. The t ird attri-
bute precludes use of the Reynolds stress equations, especially in three dimen
sions, It seems a~propriak to seek a simple one- or two-equation extinsion of
popular two-equation models for turbulent shear fto-ws,

II. THE EQUATIONS

A_ Overview
We first derive equations for the average density @and the Ftivre-averaged

velocity G and enthalpy h, \Jsing the low Mach number assumption, we relate
the turbulent heat flux & to the difference between the average velocity u ;~nd
the fJavre-averaged velocity u. We denote this difference u - u by a, nnd the
tr:~nsport equation for a is derived and discussed, Clcr3ure approximations for
terms in the a equation are postulated based on the antilogy between two-phase
flows and single-phase, two-density flows, A (ornparisorl between the single-
phase nnd two-phase equutions su gests that the fluctuating stress terms in the

ia equ:~tion iire primarily :issiwi:it.e with the decay ofti. We present ii[l :ll~ct]r:li(’
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closure approximation for a that results in a heat flux that is the sum of contribu
tions due to gradient and directed transport. Our a-equation is compared with
similar equations in the literature.

B. The Equations ofa Low Mach Number Flow with Large Density Variatio~
For the low Mach number flow of a single component ideal gas with 1arge

density variations, the equations are the following:lg

dp
— +V. (pul=o, (con[inutiy) (1)~

dp U
—+v. (puu)tvp=v. o+ pg, (momentum) (2)
&

dph dP
—+ V.(puh)=~t Q,
&

(enthulpy) (3)

P(OMW = p~’r , (thermal equatwn ofstak) (4)

and

.,

I
I

h(T)= CP(L)A , (:alorx equutwn of slate) (5)

where o is the Iaminar viscous stress tensor, Q is the volumetric rate of heating
due to such sources as chemical reaction or divergence of the laminar heat flux,
l’(t) is the volume average pressure of the system, P(X,L) is the ressure fluctua -

Ftion from the mean value P(t), and Mw is the molecular weight o the gas. For low
Mach number flows lpI/13 = hf2, where M is the Mach number.17 From these
equations one can derive an equation for the divergence of the velocity field: 19

I (ii’ y-l
Vu..-—+ —Q (6)

yf’ (il yf’

In an open flow system, [} is just the ambient pressure; for flow in a closed volume
V, an equation fcr~can be derived by integrating(6) over V:

1 LfP 1 (iv
+

y.. l I
.— =-— -- —- 1Q (h (7)
yl’ iii v [it yP b’ “

c. The Avera ed Equations
--%In our tur uTence eouations we will use b~th unwei~hted averaized Quanti

ties and Favre (density -w~ighted) avera ecl uantities. The unweighkd a;ernge
Xland Favre average of a quantity @are de ine respectively by

(H)



(9)

where ensemble averages are used, @a being the value of @ in a particular
experiment a and NE being the number of experiments in the ensemble. The
fluctuations from these averages are denoted by

and

where we drop the subscript a on the fluctuations.
Fly averaging Eqs. ( l)-(5) we obtain the turbulence equations:

()p
—tv. (;ii)=o,
dl

—.
dpu —..

+V. (pull )+vp=v. l{+v .;+; g,
d[

-.

oph -.. d P
+V. (phu)=x+ij

dt

p,%’f =;~~,w

and

( r
), = I (’(L)dL ,

P

(10)

(11)

(12)

(13)

V“oh,

(16)

(14)

(15)

where the Re nolds stress R is given by -
+

pumuaand the turbulent heat flux @ is
given by pu” “ In deriving Eq. (16) we have assumed that the characteristic tem-
peratures over which si

r
ificant changes in CPoccur: are much larger than char

acteristic temperature actuations 7’”.

D_ . An Alternati\~e Expression for +~
An alternative expression for the turbulent heat flux can be derived from

the [iveraged and unaveraged equations of state. Subtracting ( 15) from (4)
results in
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Under this assumption the left-hand side of(17) can be neglected, and we obtain

~.= ‘-+ ( 19)
P

wherein temperature and density fluctuations are directly related.
The assumption (18) requires some discussion. It will certainly be true for

an open flow system, because the P is always the ambient pressure and never
fluctuates. In a closed system, such as in internal combustion engirie cylinder,
there can be significant fluctuations in the mean pressure P, primarily due to
fluctuations in the chemical heat release rate. In an internal combustion engine
these are referred to as cycle-to-cycle variations, and there is currently some
debate20 whether or not these cycle-to-cycle variations should be called turbu-
lence. We recommend that in performing the averages (i)) and (9) one should-use
only experiments for which the mean pressure history P(t) is nearly equal to P(t),
When this limiwd ensemble average is used, the assumption (18) is automat-
ically satisfied.

Subtracting (16) from (5) gives

i

‘r+ ~=

h“ = ~P(c)dt=cP(T)T” , (~())
?

where again we use the assumption that CPvaries iittle for temperature changes
equal to ~. Using (20) and (19) in the defining formula for@ gives

. ——
= –CP(T)T P’U’

where

(21)

—. .
a=u”= u-u (22)

Equation (21) is the alternative expression we seek for the heat fiux, It says
that @ is proportional to a quantity a that can be loosely thought of as the differ
ence between the volume-averaged and mass-averaged velocities. In a two-
densit or two-phase system, a is proportional to the difference between the veloc

#ities o the two phases. In order to investigate further the nature of the tl.~rbulent
heat flux, we must derive a transport equation for a.

E. The Transport Equation for ~
he transport equation =a is obtained by subtracting the e uation for the

1mass-averaged velocity ti from that for the volume-averaged ve ocity u. The
result is
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As an aid in modeling some of the terms in Eq. (23) we will derive an
a-equation for two-phase flows and compare this with Eq. (23). It will turn out
that all of the terms in Eq. (23), with the exception of those associated with the
fluctuating stresses p’ and o’, will be du licated exactly by terms in the

*a-equation for two-phase flows. The terms p p’ and I/p v “o’ are then associ-
ated with terms in ~he two-phase a-equation that arise due to momentum
exchange between the phases. With this comparison as a guide we postulate a
model for th~ fluctuating stress terms.

We now briefly introduce the equations for two-phase flow. For more details
the interested reader should consult Refs. 2 and 3. For simplicity we restrict our-
selves to the flow of two incompressible phases. The continuity equations for each
phase are

dp,ti, –1\
— +V. (pla, u J =J21
d

and

~PfJ ,2 ~—,
— + V.(p9u2u ) - J,2 = –J2,

N

(24)

(25)

In these equations pi are the microscopic (or conditional) densities, which we
assume to be constant; iii are the average velocities within each phase (where the
“i” next to the overbar indicates a conditional average in phase 1); al are the vol-
ume fractions of each phase (al + az = 1); and Jz1 is the rate of mass transfer per
unit volume from phase 2 to phase 1. The mamentum equations for each phase
are

Jplalii’
+ V.(p,a,ii’u’) +al Vp =p, nlg+al v.; +v. ((nR,)+ IJ2,

W

and

(116)

(27)

As is commonly done in two-phase flow mode! ing,~ we assume here that the
phases are in local pressure equilibrium; that is pl = ~~ = p. The conditi[~nal
Reynolds stresses RI are given by
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R,=–!3(11– U)(UJ
a

The rate of momentum exchange per unit volume from phase 2 to phase 1 is
denoted by I>Z1.

Average flow variables Fare related to the averages within each phase ~’ by

Thus, for example,

(28)

and

-1 -~

+ a,>pc>u;u=fl, P,ll . .

By using the relations (29) and adding Eqs. (24) and (25) and Eqs. (26) and (27) we
obtain the same total mass and momentum equations, Eqs. (12) and ( 13), that we
have previously derived, when it is realized that

R = alRl i- a,) R,,.-

-l-–:-
- p,al~u - U)(U - U)

—.
- p,la2(i2 - U)(U2- i) (30)

Thus the mass-averaged velocity equation is

al
—+ U.VG+ b;=: V.; +LV. R+g, (31)
d P P P

To obtain the a-equation, we will subtract (31) fl”om an e uation for U,
zwhich will now be derived. By dividing (26) by pl and (27) by p~ an summing the

res(~lts, we obtain

—
d u

()
i

— +V. (a, w +U2K) + - v;
(M ‘P

i
() (

al a

)(
I

=g+ -v. ;+v. —tt, +-%2 +P2, —-q
P P, P, P, P~.

(32)

it can be seen that
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“1 a —.
V~ al~*~l + a2;-;2-— R, - Q’ R,, = —V.(uu)=u. vu+uv. u

P, P., -

Using (33) in (32) and subtracting (31) yields the two-phase a-equation:

-’=-~+=+wda

Jt P’

.-
1
. ( ( I

=-= V.tt+ ~-:)v. ;+ t?. —-~ )
P

Comparing (34) and

—

~ Vp’ – Lv.ap =
P P

(33)

(34)
‘P p’ ‘l’P, P!’

23). we see they agree ~

/1
iTz+P2, (--~

)
(35

P,, P,

This is the relationship.) we seek betl.veen the fluctuating stress terms and the two-

Fbase momentum tra~ .~er terms, To cbtain closure w: need to postulate a form
Gr 1121, and we will investigate expressions employed in two-phase flow

modeling,

F. Expressions for the Momentum Exchange Rate in Two-Phase Flows
For a dispersed phase 2 of equal-sized sphermal particles of radius r in a

continuous phase 1, an expression for the momentum transfer term is~l

(36)

i’nus, PZI has two terms -- one due to aerodynamic drag and one due to mass
exchange. This form of the mass exchange term nssumes there are no circulation
velocities within the particles, Equation (36) has theoretical justification~l when
pz >> pl and velocities within each phase are sharply peaked near their mean
values, It neglects virtual mass effects, Basset history effects, nnd particle dis
tortions and oscillations.~z

Motivated by Eq, (36), modelers usuallj use a similar expression for :ill tw(J-
phase regimes:z

1) “-I(!;2 - “
11 —

u ! + q;’
(37)

where Kis called the drag function and ti$ is some uvera e interface velocity, ‘1’he

!
quantity Kisa positive function f~fpl, pz, [Jl,r12, lu~ - iii , and an entit size r.

If we accept Eq. (37) then one is led to the
R

iostu ate thnt the uctunt. ing
stress terms in the a eqilation (23) contribute to t e decay of a. Indeed ~~nel.itn

show that for n two-phase flow

(Jl(l !Ip -- p,)) _,,

ii ~— (11 -;’1 ,
p
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and (38), in conjunction with (35) and (37), gives

hl)’- ,.,(;-:)?~V. o’=u Vu+ K’a+ J,,
P P

(39)

where

K’=~K.
ala2P1P~

K’ has dimensions of a frequency.

G. Final Form of the a-EquatloE
After substituting (39) In (23) and some rearrangement of terms one obtains

da
;tV, (ua+tiii)+K’a+J 21(; -:;)-s “ - : “u +Uv. ll+=vp

.

1 ——
=—= V.R-V.(uT~=:u*u’.V;t kp’u” u”) (40)

p P P

Here we have introd:lced the quantity b as a dimensionless measure of the
density fluctuations:

-i
()h-p––l
P

If the density fluctuations arc no~ too large, then b is approximately a self-
correlation cl~efflcient for density fluctuations:

In fact, Ref, 4 uses

—.

1~ - (p )2

(42)

(43)

os u measure of the density fluctuations, We will develop a transport equtition for
b in future work,

Threo t’urther terms in (40) tnust be modeled, First we deal with the muss
exchange trrrn. One can show from (24) and (25) that

( 1
vii ,12,—J

pI ..k, )
(44)
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(45)

We assume that us = u. An assessment of the validity of this assumption must
await a precise physical inte~retation of the quantity US.

Second, for the tensor U’U” one can show that for two-phase flows

R, K,,

(

(;)2
u“u-=-al —-a,, u+ l+—

P, ‘ p? )D ‘a ‘

where B is defined by (43) and given in two-phase flows by

/1 = alau(pl -- p2)2

For future reference we also note that

(46)

(47a)

1{
h=— (47b)

P,P~

in two-phase flows. We define the volume-averaged conditional Reynolds stre. s r
by

RI R,,
r-u —+ U2-Z

‘ P, P2
(48)

As a first approximation, and despite experimental evidence to the contrary in
tl~rbulent flame experiments,~ we assume the conditional Reynolds stresses are
equal and isotropic, TherL

It, N,, 2— _. — ~r: - ;k’1
[).,

~1 .

where k’ is related to the specific turbulent kinetic energy k = ~’i-j”)~by

1 d
k.). ’+-—

2h
(50)

A triinsport equatio[] for ~ will be developed in future work,
We also use a two-density distribution to model the triple cl)rrelnti{)n term

In Et ,
\

(40), After some nlgebr’iic manipulation nnd use of the assumption (.1!))
one ~)>tains

‘— - ,;(1 ‘- t ‘:- ),1,,~)U*U”
/) /{
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By substituting (45), (46), (49), and (51) in (40) and using the approximation (42)
we obtain the final form of the a-equation:

aa Vp
(

la2–
--K’a+~.~+~ &-–—)2—

P’ 26P
(52)

H. An Algebraic Closure Approximation
In numerical computations of multidimensional fluid flows, use of Eq. (52)

would require solving two or three additional transport equations for compo-nents
of a. Although this is not an unrealistic task for modern computers, considerable
computational efficiency would result ifan accurate algebraic closure approxima
tion for a could be found. In this section we present such an approximation based
on an assumption whcse validity m~st be tested in experimental comparisons.
The resulting expression for a predicts

r
adient heat trans ort, but also contains

\a contribution that redicts the directe flux arising rrom t e interaction of pres -
Jsure gradients and ensity inhomogeneities.

The assumption we make is analogous b the drift flux approximation of
two-phase flow modeling,~ In two-phase modeling this assumption i: ~hat the two
velocity fields are so tightly coupled through the drag terms that c~~aracteristic
drag times are much smaller than characteristic flow times. For us the assump-
tion is that

K’>>>,
.

(53)

where u{, and L are a characteristic velocity and gradient length for the 11ow,
Assuming (53) is true, order of magnitude estimaL~S of the terms in (52)

show all terms on the left-hand side can be neglected, except the pressure grad
ient term. On the right-t and side, the dyadic rrduct term aa is negligible since

rEqs. (38) and (47) show that a/b is proportiona h the veloci+.y difference between
fluid elements of different density. The r~sultingequation for a becomes

I t! v;
li— — ;k,~

P

Equotion (64) can he put. in p more recognizable form if we usc

v; v?
:._—Y

p ‘i’

(54)

( !“):))
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The gradient transport term in (55) looks similar b the gradient heat flux
common] used in turbulence modeling, but there is a difference, The usual f~rm

iused for t e turbulent heat fluxs is

(56)

where PrT, is the turbulent Prandtl number and t the turbulence dissipation rate.
Equation (56) a ees with the heat flux contribution obtained from the second

rterm in (55) if t e drag time associated with fluid elements of differing density
euuals the turbulence dissicmtion time. For the momentum exchanize function
(3k) it can be seen that the d~ag time is

:57)

y unity. On the other hand, the turbu ence dissipatio,l

(!)8)

where L is a turbulence Ientih scale. EGuations (57) and (58) anee if r = L. k} =
[~1 - u~[ and pl =Spz, but when these equalities are violated ~ore accurate beat
fluxes could be obtained using a drag time, and not a turbl~lence dissipation time,
to evaluate the heat flux vector,

111. COMPARISON WITH OTHER WORK

in this section we compare our a-e uation with two others in the Iiternture.
?In the BML formulation for turbulent t nes,10 an equntion is kept for the tur

hulent flux of reaction progress variable c. Our quantity a is just a constnnt times
the turbulent flux oft:

—. Pr&,,
pun:”” - —n, (59)

pr - pp

where r and pP are the reactant and product densities. Two differences :ire oh
\served etween the a-equation one derives from the BML formul~ltion tind ours.

First, in the BML formulation it is not assumed that the conditional Reynolds
stresses within each phase are equal and isotropic. An equation for the uncondi
tional Reynolds stress K is retained, and the difference between the conditioniil
Reynolds stresses is mode~ed using R, Accordingly, the double and triple correl:i
tion terms on the right-hand side of (40) arc modeled in u more deti~iled fnshion,
:llthough the authors observelfj that “this modeling is generally not found to bc
h):) rriticnl to the predictions of first- nnd second -mrment unconditi(~n[~l
quantities. ”

‘1’hesecond differcncw is in the modeling of the fluctunt, ing stress terms, ‘1’h(~
uut.hors follow” l.uunder~:l nncl model
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—— .
1 ap’—— =’2C : a–cza. Vu
pax ‘c& ~

where CICand CZCare empirical constants. Comparison with
these models have in common the decay of a term and that
same if

..

K’=2c ;,
l,. k

i60)

Eq. (39) shows that
these would be the

(61)

Besnard, Harlow, and Rauenzahn4 keep equations for both the turbulent
heat flux and the quantity A = ~, which is related to a by

A=_~a, (62)

since they are interested in more complicated equations of state in which the
relation (19) does not hold. Their a-equation differs from ours in several respect~,
An equation for the Reynolds stress is retained and used in modeling the first
term on the right-hand side of (40). The triple correlation is broken into tw~]
terms

p’u”u’ = - 2~aa+ p’u’u’ , (63)

and the lZ ;ter term is modeled by a gradient diffusion of a. There is ii decay of’a
that arises solely from the viscous stress terms.

IV. SUM MA RY.4N1)FUTUREWORK

We have derived a transport equation for the quantity a, which is the differ
cnce between the volume- and mass-averaged velocities and is simply related U)
the turbulent heat flux @, Using this equation and an assumption nna]ogous to
the drift flux approxim&tion of two-phase flow modeling, wc have obtained an
algebraic closllre relation for $~ that exhibits fluxes due h directed transport
proportional to -VP and due to gradient transport pro ortional to -VT,

YMuch work remains ta be done before th~*mode can be used in redictive
calculations of low Mach number flows with large density variations. ! he equa
tion for a involves an additional scalrir b that is a measure of the density fluctua

tions. An equation for b must he derived and Wrms in it modeled, We hoge to use
the a - and h-equations in conjunction with a &- c turbulence model, The k- tinri ~-
equutions must be reexamined to see what modifications tire needed when the
flows have large density variations, When mass trans ort is importnrtt, such iis

Ein many combustion problems, expressions for the tur ulent mass flux must be
developed.

In an effort to test some of the mudeling assumptions we are vurrentl.y
writing a one-dimensional cod~ that solves the turbulence equations of this

r
aper, Computed results will be compared with experimental measurements of

ttiyleigh Taylor instability, turbulent premixed flames, tincl flows with centri
fuging und density vari[:tions. These results and extensions of the model will k
rep(jrtml in future publications,
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